Order and degree of Partial Differential Equations (PDESs)

Partial Differential Equation (PDE) : An equation containing one or more partial
derivatives of an unknown function of two or more independent variables is known
as a Partial Differential Equation.

Order of a PDE : The order of a PDE is defined as the order of the highest
partial derivative occurring in the PDE.

Degree of a PDE : The of a PDE is the degree of the highest order derivative
which occurs in it after the equation has been rationalized.

Examples :

.\, 0z 0z _ ot ot

(1) py 9y~ Z + xy (1% order & 1% degree PDE)
2

(i) (2) + % = 2x () (39 order & 1° degree PDE)

(iii) z (52) + Z—; = x (1% order & 1% degree PDE)

(iv) Z—: + Z—Z + Z—Z = Xyz (1% order & 1° degree PDE)

1
(V) % = (1 + Z—;)Z (2" order & 2" degree PDE)

(vi) y{(Z—i)Z + (Z—;)Z} =z (Z—;) (1%t order & 2" degree PDE)

Linear and Non-linear PDEs

A PDE is said to be linear if the dependent variable and its partial derivatives occur
only in the first degree and are not multiplied, otherwise it is said to be non-linear.

Examples :
() Z+2Z =7+ (Linear PDE)
dx ady —ZTXy
... (02\% 33z 0z .
(ii) (E) 3 = 2x (E) (Non-linear PDE)



(i) z(22) + Z=x (Non-linear PDE)

0_ ay o
. you du , Jdu .
(iv) P Py to-=Xyz (Linear PDE)
ﬂ—(1+2)% Non-linear PDE
(V) — = % (Non-linear )

(vi) y{(g—i)z + (Z—;)Z} =z (Z—;) (Non-linear PDE)

Notations : (i) When we consider two independent variables x and y and one
dependent variable z. Then, we use the following notations in the PDEs.

0z 0z azz_r 0%z _ azz_t
ax b, ay q axz xdy ' dy2
(i) When we consider n independent variables x;, x,, x5, ... ... , X, and one

0z 0z 0z 0z

% = P1, ox, = D2, 9% = P3s e Fr = Pn
(iii) Partial differentiations are also denoted as :

ou ou 0%u 0%u 0%u

— = Uy, — = U,, = Uy, — = Uy, —=1u
ox x dy Y d0x? X dy? ry oxdoy Y

Classification of First Order PDEs :

(i) Linear PDE : A first order equation f(x,y, z,p,q) = 0 is said to be Linear
PDE ifitis linear in p, g and z, that is, if the given equation is of the form

P(x,y)p +Q(x,y)q = R(x,y)z + S(x,y).
Example : (i) x?yp + xy?q = xyz + x*y?
(i)p+gq=z+xy

(iii) xp + yq = x?y?z +§



(ii) Semi-linear PDE : A first order equation f(x,y,z,p,q) = 0 is said to be
Semi-linear PDE if it is linear in p and q, the co-efficients p and q are functions
of x and y only, that is, if the given equation is of the form P(x, y)p + Q(x,y)q =

R(x,y,z).
Example : (i) x2yp + xy?q = x?y?z?

72

(i) yp + xq =5

x2y2

72

(i) xp + yq =

(iii) Quasi-linear PDE : A first order equation f(x,y, z,p,q) = 0 is said to be
Quasi-linear PDE if it is linear in p and q, that is, if the given equation is of the
form P(x,y,2)p + Q(x,y,2z)q = R(x,y,z).

Example : (i) x%zp + zy?q = xy
(i) (x* = y2)p + (v* — zx)q = (2° — xy)
(iii) xy2zp + x%yzq = (x*y?z% — 1)

(iv) Non-linear PDE : A first order equation f(x,y, z,p,q) = 0 is said to be Non-
linear PDE if it is not linear in p and q.

Example : () p?+¢g*> =1
(i) pq =z
(iii) x%p? + y%q? = z*



Formation of first order partial differential equations

Rule | : Derivation of PDE by eliminating constants
Example 1. Find a PDE by eliminating a and b from

z = ax + by + a® + b?

Solution : Given,z=ax + by +a? + b2 ............ i

Differentiating (i) partially with respect to x, we get

0z
ox

Differentiating (i) partially with respect to y, we get

0z

6y:b

=>q=b....c........... (iii)
Now, putting a = p and b = q in (i), we get

z = px + qy + p? + g2, which is the required PDE.

EXERCISE 1 (A)

1l.z=AeP'sinpx (pandA)
Solution : Given, z = A ePsinpx ............ (i)

Differentiating (i) partially with respect to x, we get

0z

= = pt

™ AePtcospx.p

=2 = ApePt cOSPX cvevereeennn, (ii)

ox

Answer

Again, differentiating (ii) partially with respect to x, we get



2
9z ApePt(—sinpx). p

ax2

0%z ] ...
=== —Ap?ePtsinpx .............. (iii)

Differentiating (i) partially with respect to t, we get

0z

=4 pePLSINDX ..o (iv)

Again, differentiating (iv) partially with respect to t, we get

622_ 2 ,pt ;i
F—Ap ePtsinpx ...l (V)

Adding (iii) & (v), we get

0%z 9%z L .
— + — = 0, which is the required PDE.  Answer
dx ot?

2.z=AePtcospx (pandA)
Solution : Given, z = A e Pt COSPX ........... (i)

Differentiating (i) partially with respect to x, we get

Again, differentiating (i) partially with respect to x, we get

622 2 _pzt oo
= —ApTe COSPX wveneannnnnn. (111)

Differentiating (i) partially with respect to t, we get

0z _p2 .
—=—A pZe Pt cospx .ooiiinnn.. (iv)

From (iii) & (iv), we get,

9%z 0z .. )
— = —, which is the required PDE. Answer
ox at



3.z=ax3+by?; (a,b)

Solution : Given equation is,

From (ii) and (iii), we get

% 4 3% = 3027 4 3by?
X yay— ax y

9z 07 _ 3 3
=>xax+yay—3(ax + by®)
>xZ4+y%Z =35 [From ()]

x5, tv;, =32 |[From (D)
which is the required PDE. Answer

2

4,4z = [ax+§+b] (a,b)

Solution : Given equation is,

Differentiating (i) partially with respect to x, we get

4Z—i=2(ax+§+b).a



Differentiating (i) partially with respect to y, we get

4%=2.(ax+£+b).%

dy
2% _13(qy 124 p)
=>ay—2.a(ax+a+b ................. (111)

Multiplying (ii) by (iii), we get

0z 62_1[ +y+b]2

ox' 0y 4 Ty
0z 0z 1 .

ﬁa@—zl}Z [FTOm(l)]

= 6—2.2 = z, which is the required PDE. Answer
dox Jdy

5. z=ax*+ bxy + cy?, (a,b,c)
Solution : Given equation is,
z=ax®>+bxy+cy? ... (1)

Differentiating (i) partially with respect to x, we get

0z ..
Fl 2ax +by .o, (i1)

Differentiating (ii) partially with respect to x, we get

2
92 224 (iii)

0x2

Differentiating (ii) partially with respect to y, we get

a5 (5e) =

0%z )
= ooy = b (1v)




Differentiating (i) partially with respect to y, we get

Differentiating (v) partially with respect to y, we get

0%z

37 = 2C (vi)

From (iii), (iv) and (vi), we get

2622+2 622+ 2622—2 ? + 2bxy + 2cy?
oY 0xdy y dy? ax Xy T ecy
2 2 2
= xZZTi + nyai—azy + y? ZTi = 2(ax? + bxy + cy?)
2 0%z 0%z 2 0%z .
=X @+2xyaxay+y 3 = 2z [From (i)]
which is the required PDE. Answer

6.z%* = ax3 + by3 +ab, (a,b)
Solution : Given equation is,
z2=ax3>+by3+ab ................. (1)

Differentiating (i) partially with respect to x, we get

222—; =3by? (iii)
(i) x (iii) = 422 (2) (Z—y) = 9abXZY? oo (iv)

From (ii) and (iii), we get



6x3y? Z + 6x2y 22—; = 9ax®y? + 9bx2y> ............... (v)

Adding (iv) and (v), we get

0z 0z

d0z\ [0z
6x3y? zo—+ 6x2y3 Zay + 4z ( )(—) = 9ax°y? + 9bx?y> + 9abx?y?

dx/ \0y

= 6x3y? Z +6x y3 z +4 (ax) (Z—;) = 9x2%y2(ax® + by3 + ab)

z [6x y? — Z 4 6x2y3 ZZ + 4z (6x) (Z—;)] = 9x2y?2z? [From (i)]
= 6x3y? — =} 6x%y3 az + 4z (6x) (Z;Z;) = 9x2y?z, which is required PDE.

Answer



