Question : Derive Simpson’s One-Third Rule
Answer :

Let us consider a definite integral such that
= f(f ydx, where y = f(x)

Suppose, f(x) is taken for (n + 1) equidistant values of x and those are
X, Xo + h, xg + 2h, ........ , Xo + nh. Suppose, the range (a, b) is divided
into n equal parts and width of each partis h (say), then b — a = nh.

Now, we assume,
Xo=a
Xy =xgt+h=a+h
X,=x;+h=a+h+h=a+2h
X3=Xx,+h=a+2h+h=a+3h

Then, we assume that (n + 1) ordinates y,, V1, Y2, .cueen ,Yn Which are the
corresponding values of x, X1, X3,....e.... X, respectively, are equally
spaced (equidistant).

I= f:ydx
= f;CO"'nhyxdx, where Xo=a, X, =a+ nh = Xy + nh
0

Now, we put, u = x_hxo
5 X —Xy=hu
= dx=hdu

As, x->x, thenu—-0, andx - x,+nh then u->n
n
n u(u—1) u(u—-1)(u-2)
=h [, [yo +uldy, +——; A%y, + TA33’0+---] du

3

2 2 2 4 3
=h[nyo+5 Ayo + (5 - 5) 22+ (5 —nd +n?) 22

3 2/ 2 4 3!
Foen upto (n+ 1) terms ] .................. (A)



Now, putting n = 2 in (A) and neglecting the third and higher
differences, we get

+2h 23 A?
[ yax = (250 + S 0y0 + (5 - 5) 2
8 1
=h _23’0 + 2()’1 —Yo) + (g — 2)2_()’2 —2y; + )’0)]
i 1
=h _23’1 +3 V2 — 2y, + 3’0)]
h
=5 o +4y1 +y2)
Similarly,
+4h h
[ooryn ydx =5 (2 + 4y3 + y4)

+6h h
[t ydx =2 (s + 4y5 + ¥6)

When n is an even integer, adding all these integrals, we get

X +nh Xo+2h
Je x = [ ydx +f hyd x+ [ +4hydx+ ..........
+nh -
) ;; ° (7:1_2) " ydx [ By property of Definite Integral |

h h
=35 o +4y1 +y2) +5 (2 + 4y + ya)
h h
3 (Vs +4ys +Ye) +eene +3 (V-2 + 4Yn-1+ ¥n)

h
I =3[0 +y) +40n +y2 +ys + -+ yno1)
+2(02+ Vst yet+ o+ yno2)l

This formula is known as Simpson’s One-Third Rule.



Question : Derive Simpson’s Three-Eighth Rule.
Answer :

Let us consider a definite integral such that
= f(f ydx, where y = f(x)

Suppose, f(x) is taken for (n + 1) equidistant values of x and those are
X, Xo + h, xg + 2h, ........ , Xo + nh. Suppose, the range (a, b) is divided
into n equal parts and width of each partis h (say), then b — a = nh.

Now, we assume,
Xo=a
Xy =xgt+h=a+h
X,=x;+h=a+h+h=a+2h
X3=Xx,+h=a+2h+h=a+3h

Then, we assume that (n + 1) ordinates y,, V1, Y2, .cueen ,Yn Which are the
corresponding values of x, X1, X3,....e.... X, respectively, are equally
spaced (equidistant).

I:f;ydx

Xg+nh
= fxoo yydx, wherex, =a,x, =a+nh=xy,+nh

Now, we put, u = x_hxo
5 X —Xy=hu
= dx=hdu

As, x->x, thenu—-0, andx - x,+nh then u->n
n
n u(u—-1)(u-2)
=h [, [yo +uly, + =A%, +TA33’0+---] du
3

n? n n?\ A%y n* A3y,
=h[nyo + 5 ayo + (5= 5) 50+ (F-n+n7) 58

Foen upto (n+ 1) terms ] .................. (A)

u(u—-1)




Now, putting n = 3 in (A) and neglecting the fourth and higher
differences, we get

Ly =h [3y0+ Saye + (5-3) 50+ (5 -3 +37) ]
=h[3y, + 5(}’1 Yo) + (9 - ‘) (V2 — 2y1 + ¥o)
+ (%— 27 + 9)g(3’3 — 3y2 + 3y1 = Yo)]
= h [3y, +§(}’1 —Yo) +z()’2 — 2y1 +Yo)
+ 3 (3 = 3y2 + 3y1 = ¥o)]
= %(yo + 3y, +3y2 +y3)
Similarly,
f,f;’:f: ydx == (y3 + 3y, + 35 + ¥s)

+9h 3h
[ooyon ¥dx == (V6 + 3y7 + 35 + o)

3h
xot (- Y3 =5 n-3 + 3yn_2 + 3yn_1 + ¥
when n is a multiple of 3.

Adding all these integrals, when n is a multiple of 3, we get

+nh
L v

3h 3h
=5 o +3y1 + 3y, +y3) + — (¥3 +3ys + 35 + V)
3h
+?(y6 + 3y7 + 3y8 +y9) + .....................
3h
....................... +5 Y-z +3Vn_2 +3Yn_1 + )

3h
I =2 (0ot +30n+y2 4y +Ys+ e + Y2 + Yn-1)

This formula is known as Simpson’s Three-Eighth Rule.



